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Abstract. In this paper, we describe nonstandard quantum deformation of the super- Virasoro 
algebra. Using the Drinfel'd twist quantization technique, we obtain the deformed coproduct and 
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1. Introduction 

Quantum groups, mathematically carry the structures of noncommutative and noncocom- 



^ ■ mutative Hopf algebras, were first introduced by Drinfel'd and Jimbo. One of the most 



important examples of quantum groups is deformation of the universal enveloping algebra of 
a Lie algebra. This deformation induces a Lie bialgebra structure on the underlying Lie alge- 
■ bra. In |6J , Drinfel'd posed the quantization problem of the Lie bialgebra. Lately, Etingof and 
Kazhdan [7j settled this question. But a general formula of a quantization was not obtained. 
Many authors have made great efforts to quantize explicitly some Lie bialgebras. 

Inspired by the discovery of quantum groups, quantum supergroups, i.e., Hopf superal- 
' gebras, have also been denned (c.f. [3j 0]), which provide a powerful tool for constructing 

in '. 

CC) trigonometric solutions of the Z 2 -graded Yang-Baxter equation. By extending Etingof and 

in 

rn ; ~ "™ ~ * " ' ° ' 

O [ superbialgebras. Similar to Lie algebras cases, the deformations of Lie superalgebras are not 
O . _ 

i— i ■ unique. In [16] . Zhang proved that there is a new Hopf superalgebra structure by the Drin- 
^ fel'd twist. Using this method, some good Hopf superalgebras have been found in recent years, 
'>< \ e.g., Aizawa and Celeghini et al |5J studied the drinfel'd twist deformations ot s ((l|2) and 
osp(l\2), respectively. By the Drinfel'd twist, [9] and [13] give two different Hopf algebra 
structures on the Witt algebra. The aim of this paper is to construct the quantization of the 
super- Virasoro algebra, which is generated by the same Drinfel'd twist of the Witt algebra, 
studied in [H] ( see also [HI HH [H]). As a by-product, we obtain two combinational identities 
(see ( gJUJ) and f l2TT]) b 

Throughout this paper, F denotes a field of characteristic zero, all vector space and tensor 
products are over F. Let Z, Z + , N denote the sets of all integers, nonnegative integers, 
positive integers, respectively. We use the convention that if an undefined term appears in an 
expression, we always treat it as zero; for instance, Li = if \ Z. 
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2. Main results 

Now let us start by recalling some definitions and preliminary results. A supervector space 
if is a Z 2 -graded vector space, i.e., H = Hq@H\. If an element x is in either ifo or Hi, we say 
that it is Z2-homogeneous. We assume that all elements below are Z2-homogeneous, where 
Z 2 = {0, 1}. For x G if, we always denote [x] G Z 2 to be its parity, i.e., x G Hm. We say that x 
is even (odd) if x G Hq (resp. x G Hi). A superalgebra (H, fi, r) over a commutative ring R is a 
supervector space equipped with an associative product p, : H®H H respecting the grading 
and a unit element 1 G Hq. A Hopf superalgebra (if, \i, r, A, e, S 1 ) is a superalgebra equipped 
with a coproduct A : H — > H®H, a counit e : if — >■ F, and an antipode S : if — » H, satisfying 
compatibility conditions. Note that S satisfies S(xy) = (—ly x '^S(y)S(x) for x,y G H. 

Definition 2.1 A Drinfel'd twist T is an invertible element of H £g> H and satisfies 

(J - ® 1)(A <g> Jd)(.F) = (1 <g> ® A)(.F), (2.1) 
(e®irf)(J r ) = l®l = (irf®e)(J r ). (2.2) 

Write 
and set 

The property of S shows that u is invertible with inverse 

u- 1 = n ■ (Id ® S){J=) = fd)S(f(2)). 

The following result gives a method to construct new Hopf superalgebra from old ones 
(cf. [IS]), the non-super case can be found in [5J. 

Lemma 2.2 The superalgebra (if, /i, r, A, e, S 1 ) a new Hopf superalgebra with 

A = JAF -1 , I = e, 5 = Su. 

Now let us recall that the classical super- Virasoro algebra C without central extension 
over F is defined as an infinite-dimensional Lie superalgebra generated by the generators 
{Li, Gk | i G Z, k G |Z} satisfying the defining relations 

[Li, Lj] = (J — i)L i+ j, [Li, Gk] — (k — -)Gi + k, [Gk, Gi] = 2Lk+i, 

for all i,j G Z, k,l G \Z. Obviously, C contains the Witt algabra W as subalgebra. In the 
following, we fix m G Z/{0}, a G F. Denote 

X = — (L + aml-m), K = exp(«adL_ m )(L m ). 
m 
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In [TTJ, Su and Zhao proved that X and Y span a two-dimensional subalgebra of the Virasoro 
algebra, i.e., [X,Y] = Y. 

Denote by U{£) the universal enveloping algebra of £. For any x £ U(£),a £ ¥,r,k £ 
Z + , i £ Z, we set 



„<r> 



: = (a; + a)(x + a + 1) ■ • • (a; + a + r — 1), x^} = (a; + a) (a: + a — 1) • • • (x + a — r + 1), 

a(a — k){a -2k)---(a-(r- l)k) 



a\ a{a — 1) • • • (a — r + 1) 

r. 



a 
r 



T : 



Especially, we have 



a 






and 


a 




( 1 — a — r \ 


r 




yr J 




r 


-l 


V - ) 



Denote x 



<r> 



x ' x 



M = Xg r '. Note that U(£) has a natural Z2-graded Hopf superalgebra structure. On 
the generators x E £ and the unit element 1, we define 

Ao(x) =x®l + l®x, Ao(l) = l®l, 
e (x) = 0, e (l) = 1, 

S'oW = -x S (l) = 1. 

Obviously, the Hopf superalgebra (U (£), fi, r, A , So, eo) is cocommutative. Denote by U (£) [[£]] 
an associative F-algebra of formal power series with coefficients mU(£). Then U(£)[[t]]/tU(£)[[t]] 
= U{£). Naturally, W(£)[[t]] equips with an induced Hopf superalgebra structure arising from 
that on U{£), denoted still by (W(£) [[£]], //, r, A , S , e ), called the quantized universal en- 
veloping superalgebra. As the non-super case [Bj, Andruskiewitsch [1] proved that the Lie 
superalgebra £ has a natural Lie superbialgebra structure. Thus W (£)[[£]] is also called the 
quantization of the Lie superbialgebra £. Define the coproduct A and the antipode S on 
U{£)[[t\] as follows: 



A(L t ) = 



a 



r=0 



(r — 2)m — i 

r 

2r 



(Li 



[1 - Yt)^- r Y r t r ) 



(2.3) 



r=0 



A(G fe ) = J2 



a 



r=0 



s=0 

(r — |)m — fc 
r 

2r 



(G fc _ rm ®(i-rt)^- r rv) 



(2.4) 



+ 5^(-i) r J2 aSh ^ k ) ( x<r> ® - Ft )"' G 



fc+(r— s)m^ ) , 



r=0 



=0 



e(Li 



e(G fc ) = 0, 



(2.5) 



3 



oo oo 2p 



3(Li 



:i-Yt)-^j2J2J2(- i y ar+q 



xa q (p, i — rm)X \_L. 



r=Q p=0 q=Q 

[p] 



(r — 2)m — i 
r 



(2.6) 



i+(p— r— q)m 



Y r t r+P 



S(G k 



oo oo 2p 

-(l-rr^EED- 1 )^ 

r=0 p=0 q=0 

xb q (p, k - rm)X [ v\G k+(p ^ r _ q)m Y r t r+ v 



where i G Z, k G |Z, and for rGZ + ,0<s< 2r, 



r — |)m — 



x 



(2.7) 



p=0 

s 

6.(r,*) = X;(-l)* 

p=0 



i + m 




i + (r — p — 2)m 




i + (r — p + l)m 




(2 


P 


m 


r 


m 


s — p 


j 

m 



' k + f ' 




k + (r — p — |)m 




+ (r — p + |)m 




P 


m 


r 




s — p 


m 



(2.9) 



The main result of this paper is the following theorem which gives the quantization of the 
super- Virasoro algebra. 

Theorem 2.3. The superalgebra U(C)[[t]} under the the coproduct A, the counit e, and the 
antipode S defined by \2.3\2. 7| ) is a noncommutative and noncocommutative Hopf superalgebra. 

As a by-product of our proof, we obtain the following two combinatorial identities, which 
do not seem to be obvious to us: 



p=0 
p=0 



i + m 
P 



V 



% + [r — p — 2)m 



k + (r — p — |)m 



« + (r — p + l)m 
s — p 

k + (r — p + |)m 
s — p 



0, (2.10) 
= 0, (2.11) 



where 2 G Z, A; G |Z, r G Z + , s > 2r. 

3. Proof of Theorem ESI 

We shall divide the proof of Theorem 12.31 into several lemmas. Set 



X' 



Y' = L r 



m 



Let 



W = {^aiLil ai G F, and a, L = for % < 0} 



be the completed Witt Lie algebra. Then exp(adL_ m ) G Aut(W). Evidently, we have 
exp(aadL_ m )(X') = X, exp(aadL_ m )(F') = Y. 
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Lemma 3.1 For any r G Z + ,i G Z, we have 

2r 

(adF) r (Li) = ^2a q r\a q (r,i)L i+{r ^ q)m , 

q=0 
2r 

(&dY) r (G k ) = ^ a q r\b q (r, i)G k+(r „ q ) m . 

Proof. Note that exp(aad L„ m ) G Aut(W) with the inverse exp(— aadL_ m ). We have 

(&dY) r (Li) = exp(aadL_ m )exp(— aadL_ m )((ady) r (Lj)) 
= exp(aad L_ m ) (ad F') r exp(— aad L_ m ) (Lj) 

i + m 



(3.1) 
(3.2) 



exp(aadL_ m )(adF') r 



-a 



p=0 



P 



L 



t—pm 



exp(aadL_ m ) / ] ( 

p=0 





i + m 




a) p r\ 








P 


m L 



i + (r — p — 2)m 
r 



J i+(r—q)m 



oo oo 



p=0 q=0 



p a q+p r\ 



i + m 




i + (r — p — 2)m 




P 


m 


r 





« + (r — p + l)m 

q 

OO <J 



I J i-\-(r—p—q)r 



? =0 p=0 

« + (r — p + l)m 
g-p 



l) p a q r\ 


i + m 




i + (r — p — 2)m 










r 


m 



L; 



i+(r—q)mi 



(3.3) 



where the last equality follows by first setting q = q' — p and exchanging summands over q' 
and p and then replacing q' by q. From the fact that (adF) r (Lj) G ffiJt™ m Fi g , we prove 
f[3~Tj) . Note that 



exp(aadL_ m )(G fe ) = ^ ( 



-a 



p=0 



G 



(&dY'y(G k ) = r\ 



k + (r — |)m 



P 

Grk+rm 



k—pmi 
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We have 



oo q 



{adY) r (G k 



9 =0 p=0 

k + (r — p + \)m 
q-p 



lfa q r\ 


k + f 




k + (r — p — |)m 






P 


m 


r 





X 



G 



fc+() — (j)m; 



Then fl£2J follows. 



(3.4) 



□ 



As a by product of (13.31) and (13.4)) . we immediately obtain the combinatorial identities 
flOU and ( ETj . 

Lemma 3.2 For any a G F,r, s G Z + ; i 6 Z, and G |Z ; t/ie following equations hold in 
«(£). 



p=0 



p=0 



(r — p)! 

a p r\ 
{r — p)\ 



p=0 



(r — p)\ 

a p r\ 
[r — p)\ 



(p — 2)m — i 
p 

(p — |)m — k 
p 

(p — 2)m — i 
P 

(p — |)m — k 
p 



y<r-p> j 



y<r~p> fi 

^ a+p ->L U k-p m , 

r m. 



yV~v\ j 
■A- i_ J^i—prai 



Y s x< r > = x<:>y s , rxM = x [ ;I s y s , 



p=0 q=0 
r 2p 



GkYr = EEirx^'*) r "^/»- 



p=0 q=0 



(r —p)\ 



(3.5) 
(3.6) 
(3.7) 

(3.8) 

(3.9) 
(3.10) 

(3.11) 



Proof. We prove (13.51) and (13.61) by induction on r. The case of r = 1 follows from the formula 
UX = (X- ±)Li - a(m + %)U_ m and G k X = (X - ±)G k - a(f + k)G k ^ m . Let 



err! 



(r — p)\ 



(p — 2)m — % 
V 



X 



<r~p> 
~a+p--t- 



(p — |)m — k 
V 



v <r—p> 

1 m 
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Suppose that (13. 5 j) and (13. 6p holds for r. As for the case r + 1, we have 



UX< r+1> 



LiX< r> {X + a + r) 

r 

a r p ({X + a + r + p- ^)Li^ pm + a(pm - m - i)Lj_(p +1 ) m ) 



p=0 
r+l 



i—pm 



and 



J] + a + r + p-^)+ ota r v _ x {pm -2m- i))L 

p=0 
r+l 

v ^ r + 1 r ■ 

/ j u, p ■'-'i—pm 
p=0 



G k X< r+l > = G k X< r >(X + a + r) 

r 

= E b p(( X + a + r + P ~ ^) G k- P m + a(pm - \m - k)G k _ {p+1)m ) 

p=0 
r+l 

= Y J { lf pi. x + a + r + P-^) + oAf v _ x {pm -\m- k))G k _ pm 

p=0 
r+l 

— v h r + 1 r < 

/ j u p ^k—pm- 
p=0 



Then ([33]) and flEU) hold. Let 



r _ a y r\ 
c p = (r-p)\ 

From the fact that 



(p — 2)m — i 
V 



X 



r-p] 



err! 



(r — p)\ 



(p — |)m — k 
V 



and 



c„ = c r JX + a — r + p ) + ac'lJpm — 2m — i) 

' F m F 



k 3 

dl +1 = d r JX + a - r + p -) + adLApm - -m - k), 

F ' m l 



we can prove (13.71) and (13.81) by induction on r. The proof of (13.91) is similar. Using (13. ip . 
together with the fact that 



L t Y r = ^(-l)^ r V^(adr)^(L i ), 
p =o VP/ 



we immediately get (I3.10p . The proof of (13.111) is similar with (13.101) . 
The following lemma belongs to [9]. 



□ 
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Lemma 3.3 For any x G U(C), a,d G F and r, s, m G Z + ; we have 

<r+s> _ <r> <s> fo loA 

T [r+s] _ Jr] I*] (a i o\ 

X a = X a-r+l> (3-14) 

(3.15) 



r\s\ \ m 

r+s=m x 



£ i =T^L=f a " <i + m " 1 ). (3.16) 

4-c— m x ' 



r+s=m 



For a G F, we set 



T * = E ^r-^' 1 ® yrr ' F « = E ^ x * <r> ® r " tr 

r=0 ' r=0 
U a = fl ■ (S ® Id)(F a ), V a = fj, ■ (Id® 5o)(.F B ). 

Since S (X< r> ) = (-l) r xl r l and Sb(^ r ) = (-l) r ^ r , we have 

oo /_,\ r oo 



Ua, 

r=0 ' r=0 



Denote J 7 = F Q , F = F , u = u ,v = v . Following the results in [TO] and [2], J 7 is a Drinfel'd 
twist of the Witt algebra. The observation of W C £ implies that T is also a Drinfel'd twist 
of C. 

Lemma 3.4. For a,d G F , we have 

F a F d = i ® (i - UoUd = (i - 

Therefore F a , J- a , u a , v a are all invertible, and T~ x = F^w" 1 = V- a . 
Proof. Using (13.151) . we have 

OO / i \ f "1 

r=0 ' s=0 
oo /_-,\ r 

r,s=0 



£(-ir( 

p=0 ^ 



a — d 
V 



yv t v 



1 <8> (1 - Yt) 



a—d 
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Using (I3.16P and the second formula of (13. 9p . we have 

1 (-1)' 



V a U d 



r=0 

oo 

E 

r,s=0 



rl si 



-X a r] Y r X [ j d Y s t r+s 



E 



a + d + p — 1 
V 



p=0 

(1 - Yt)- {a+d) . 



yv t v 



Then this Lemma follows. 



Lemma 3.5. For a e F,i e Z, we /jcrae 

CO / „N . 

(L t ®l)F a = Va s [S ~ )m ~ % F a _ ±+s (L i - sm ®YH s ), 

' * e m 

S=0 

(G k ® l)F a = V a s (S " 2 )m " fc F a _ A+s (G fc _ sm <g> FY) 
s=0 L 6 J m 

oo , 2s 

(1 ® Li)F a = ^(-l) s F a+s f ^ a p a p (s, i)X< s> <g> L, 

s=0 ^ p=0 

oo / 2s 

(l®G k )F a = ^(-l) s F a+s ( ^a%( S ,*)X< s> ® G 



r k+(s—p)mt I j 



s=0 

oo oo 2p 



p=0 



W +9 



s=0 p=0 9=0 



(s — 2)m — i 



x a q (p,i- sm)X [ v ] a _^L i+(p _ s _ q)m Y s t s+p , 



s — |)m — k 



oo oo 2p 

G k u a =u a+k Y,nn^ i y as+q 

s=0 p=0 q=0 

x 6 ff (p, fc - sm)X M a _ ± G k+{m)m Y s t s+ P. 



Proof. From (13. 5 j) and the definition of _F a , we have 

oo 

(L< (8) l)F a = ^ -UX< r > ® FY 



EE 

r=0 s=0 

oo 

E tf 

s=0 

oo 

s=0 



(s — 2)m — i 
s 

[s — 2)m — i 

s 

[s — 2)m — i 
s 



r+s+r+s 



1 \ 
r=0 ' ' 



This proves (|5T7|) . Similarly, lETTS]) follows from (Q. For f l3J9|) . using f l312|) and f lXTUj) . 

we have 



oo _ 

(1 ® Lj)F a = £ -X< r> ® UYH T 



r=0 



oo oo 

EE 

r=0 s=0 



"I) 4 



2-s 



p=0 
2s 



OO / ZB 

^T(-l) s F a+s ( £ z)X< s > ® L 



So flXT9|) is right. ( 13T20|) is obtained from f l3J2|) and (I37TTT) . Now we prove fl^2T|) . From 
dSH, dSZD, dSSD and (EHUD, we get 



LiU a 



•i)' 



E 

r=0 

oo /-Qr r 



err! 



r! — ' r — s ! 

r=0 s=0 v 7 



(s — 2)m — i 



„ i lj i—sm I « 



oo oo 

EE 

r=0 s=0 

oo oo 

EE 

r=0 s=0 
r 2p 

-EE 

p=0 q=0 



-l) r+s cr 



;-i) r+s a s 



(s — 2)m — i 

s 

(s — 2)m — i 

s 



Yl r \ T yr+s^r+s 



X 1 1 , x 

-a- — 



;-l) p a 9 r! 



(r — p)! 



a q (p,i — sm)Y r p Lj + ( p _ s _ 9 ) m 



sir+s 



Xl r i_ (-1) 



OO OO /CO 

ee(e 

s=0 p=0 V r=0 

x ^a s+q a q {p,i - sm)L i+ ( p _ s _ q)m Y s t 

g=0 



(s — 2)m — i 

s 



X 



[p] 



x 
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u 



oo oo 2p 
s=0 p=0 q=0 



[s — 2)m — i 
s 



a q (p,i- sm)xM_^L l+{m)m Y s t s+ v. 



Thus f l3~2T]) holds. Similarly, ( 13T22|) can be proved from f[3T9]) . (EOTl) . and (ETTSj) . □ 

Now we give the proof of Theorem 12.31 



Proof of Theorem \2.3l Sice J 7 is a Drinfel'd twist, according to Lemma [2.2[ we only need to 
determine the action of A and S on Li,Gk G C, i G Z,k G |Z. From ( I3.17p . (13.19p . and 
Lemma [3.41 we have 



A (Lj) = J r A (L i )J^- 1 = T(U ® l)^- 1 + ® J- 1 = J^(Li ® 1)L + J^(l ® L,)L 
(r — 2)m — z 



^E 



a 



r=0 



F_± +r (Li- rm ® E r t r 



OO y Z/ 

+J-^(-l) r FJ ^a s a s (r,i)I <r> ® L i+(r _ s)m f 

r=0 ^ ■>— n 



s=0 



E 

r=0 



(r — 2)m — i 
r 



(i®(i-n)^- r )(L< 



+ J^(-l) r (1 ® (1 - Ki)- r ) ( ^ a*a s (r, z)X<'- > ® L i+(r _ s)m t' 

r=0 ^ s=0 



E 

r=0 



(r — 2)m — i 
r 

2r 



(L^ rm ®{l-Yt)^- r Y r f) 



r=0 



=0 



From (I3.18P , (I3.20p , and Lemma I3.4[ we have 



A(G*) = TAoiG^T' 1 = J^(G fc ® l)^ 1 + T{1 ® Gfc)^ 1 = J^(G fc ® 1)L + .F(l ® G fc )L 



^E 



a 



r=0 



(r — |)m — 



oo / 2r 

+J-^(-l) r LJ ^a s 6 s (r, /c)X <r> ® G 

r=0 ^ s=0 



F_± +r (G k - rm ®Y r f 



k+(r—s)m 



E« r 

r=0 



(r — |)m — 



(l®(l-Et)^-'-)(G' fc _ rm ®E r O 



oo , 2r 

+ J](-l) r (1 ® (1 - Kt)- r ) ( ^ a s 6 s (r, fc)X <r> ® G fe+(r _ s)w r ) 

r=0 ^ s=0 ' 
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E 

r=0 



(r — |)m — k 



2r 



+ ^(-l) T X a ^( r ' k){X <r> ® (1 - Ft)- r G fc+(r _ s)m r). 



r=0 s=0 



Using (13.211) and Lemmas 13.41 we have 
»S(Lj) = u^ 1 So(Li)u = —vLiU 

oo oo 2p 



r=0 p=0 g=0 

oo oo 2p 



(r — 2)m — i 
r 



r =0 p=0 q=Q 

xa q (p, i - rm)X lp] _ L L i+ ( p _ r _ q)m Y r t r+p . 

m 

Using (I3.22p and Lemmas I3.4[ we have 



S(G k ) = u 1 S (G k )u = -vG k u 

oo oo 2p 



r=0 p=0 9=0 

oo oo 2p 

-(i-i'*)-»EEE(- 1 

r=0 p=0 g=0 

xb q (p, k - rm)X [ \ G k+{p ^ q)m Y r t r+ P. 



y a r+q 



a q (p,i- rm)X [ P ] J _L i+[p _ r _ q)m Y r t r+p 



(r — 2)m — i 



(r — |)m — k 



b q {p, k - rm)X [p \G k+{p ^ q)m Y r t r+ v 
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The proof is completed. 
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